The present paper's objective is to highlight some new developments of the main author in the field of advanced dynamics of systems and higher order dynamic equations. These equations have been developed on the basis of the matrix exponentials which prove to have undeniable advantages in the matrix study of any complex mechanical system. The present paper proposes some new approaches, based on differential principles from analytical mechanics, by using some important dynamics notions, regarding the acceleration energies of the first, second and third order. This study extended the equations of the higher order, which provide the possibility of applying the initial motion conditions in the positions, velocities and accelerations of the first and second order. In order to determine the time variation laws for the generalized variables, the driving forces and acceleration energies of the higher order are applied by the time polynomial functions of the fifth order. According to inverse kinematics also named control kinematics of the robots, the applications of polynomial functions lead to the kinematic control functions of mechanical motions, especially the transitory motions. They influence the dynamic behavior of multibody systems, in which robot structures are included.
Introduction
Until the present, the dynamic behavior of rigid body and of the multibody systems can be studied by considering the fundamental theorems from dynamics or the differential principles of analytical mechanics [1] [2] [3] [4] . Both are based on angular momentum, the mechanical work and kinetic energy, as well as on their fundamental theorems. In mechanics, the defining expressions for the advanced notions are based on fundamental input parameters that are represented by kinematic parameters along with their differential transformations, as well as by the mass properties highlighted by the inertia tensor and corresponding generalized variation laws.
The advanced concepts include higher-order accelerating energies known in the scientific literature [5] [6] [7] as kinetic energies of higher-order accelerations. The kinetic energy is used, in Newtonian mechanics, as a central function of Lagrange Euler equations. The existence of higher-order accelerations has been proven by the fact that they occur every time the bodies/multi-body systems are subjected to fast and sudden motions or, when particularly, this type of excitation produces vibration modes with more frequencies of resonance. The acceleration itself cannot produce vibration being just a static load. In fact, the sudden motions are generated by higher order accelerations. For example, during the operation of a cam and cam follower mechanism at high speeds and accelerations, the jumping off of the cam follower from the camshaft causing accidents may occur. Another example is the case of manufacturing processes that require rapid changes in the acceleration of a cutting tool. This leads to a quick tool wear and results in poor quality of the manufactured surfaces [8, 9] . effect of higher order accelerations. These effects have to be also considered each time when a mechanical system is in a transient motion phase (take-off/landing, acceleration/deceleration, etc.). The novelty of the paper consists in presenting a new approach regarding the dynamic modeling of rigid bodies and multibody mechanical systems. Based on scientific literature [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] , the input kinematic and dynamic parameters have been formulated. These parameters are compulsorily included in the dynamic equations of the higher order, corresponding to fast and sudden motions. This type of motion characterizes the multibody systems, a category where the robots are also included. The important formulations regarding the acceleration energies of the first, second, third and higher orders are also presented in explicit and matrix forms. The expressions for the acceleration energies of the higher order were determined, among others, based on matrix exponential functions [14, 19] . Although at first sight they seem difficult to put into practice, they proved to have undisputable advantages in terms of their use in the kinematic and dynamic study of complex mechanical systems.
These expressions are implemented into the differential equations of the higher order, thus resulting the time variations of the generalized forces, which influences the dynamic behavior of rigid body or of multibody systems. To illustrate the validity of the proposed mathematical model, an experimental study, in which the higher order accelerations are highlighted, is performed.
Input Parameters in Advanced Dynamic Modeling

Position and Orientation Parameters
In Newtonian mechanics, the dynamics of the rigid bodies are studied based on the assumption that they do not deform under the action of the external forces.
To study the dynamical behavior of a rigid body, its linear and angular position in the Cartesian space must be known at each moment during the motion. To define the linear and angular position, [13, 20] , the last one being also known as orientation, the simplest mechanical model, which is the material point, is analyzed ( Figure 1 ). In the Expression (1), the coordinates or axes of the Cartesian frame, symbols from (2) representing the unit vectors, and (3) the angles and the direction cosines are defined.
The dynamic study of the rigid solid is carried out, according to Figure 1 , by considering two reference systems: O 0 x 0 y 0 z 0 = {0}, which is considered fixed and Oxyz = {S} which is a mobile reference system, invariably linked to the body, having the origin in an arbitrary point O belonging to the rigid body. The system Ox 0 y 0 z 0 = {0 }, represented in the same figure, is a system which originated in point O, and whose orientation is maintained constant all throughout the movement and is identical with the orientation of the fixed system,
The geometrical state of any material point (for example a certain point O) characterizes the position, according to Figure 1a . The position is usually defined by means of the position vector:
The three linear coordinates from (5) are independent in the case of a free material point, and represents the degrees of freedom (d.o.f.). Further, the study is extended to a vector or an axis belonging to the Cartesian frame (see Figure 1b ). This geometrical state is called orientation (angular position). Orientation (angular position) is defined through unit vectors. For any given unit vector χ ∈ {S}, in relation to one of the frames {0}/{0 }, the orientation is defined by the direction cosines:
According to linear algebra, in expression (6), the symbol χ T defines the transposed matrix. Further, considering the second expression from (6) , the orientation of any vector or axis is characterized by two independent angles. The above geometrical aspects are extended on an orthogonal and right oriented frame (see Figure 1b , Ouvw ≡ Oxyz ≡ {S}) relative to {0}. In this case, the geometrical state is defined by position and orientation. The position is defined by means of position vector (5) , while for orientation the rotation matrix is considered [10] :
The resultant orientation matrix defined with (7) , contains the unit vectors of {S} frame relative to {0}. The rotation matrix or the matrix of direction cosines describes the orientation of each axis of the mobile frame attached to the rigid body, relative to a fixed frame. Between the nine direction cosines contained by the rotation matrix, six mathematical relations can be established. Thus, the result is that the orientation of a mobile frame with respect to a fixed frame is defined by up to three independent parameters, which are defining the orienting angles. Therefore, the resultant orientation of a frame {S} with respect to another frame, {0}/{0 } is characterized by three independent orientation angles (three d.o.f), [13] :
The angles from (8) are the components of the column matrix of orientation ψ(t), and they describe, from a geometrical point of view, dihedral angles between two geometrical planes: Physically, the three angles defined with (8) expresses a simple rotation around one of the axes of the Cartesian reference system: χ = {u; v; w}. Based on research from [10] [11] [12] [13] [14] , when combining the three simple rotations, there is a result of twelve sets of orientation angles (8) . Taking χ = x; y; z , the expressions of definition are further developed for the three simple rotation matrices symbolized as:
The paper proposes the following form of mathematical representation for the generalized matrix:
where
and
By substituting (11) and (12) in the generalized expression (10), the simple rotation matrices (9) are obtained. The generalized matrix can be written in a new formulation as follows:
where ∆ uv
and ∆ u
In the expression (13), the symbol ∆ u × defines the skew-symmetric matrix associated to (15) ,
while Diag ∆ uv represents the diagonal matrix, written below:
By applying (14) and (15) , an expression identical with the classical Rodriguez formula is obtained [17] :
According to research from [3] [4] [5] [6] [7] [8] [9] [10] , the three simple rotations from (8) are performed either around the moving axes or fixed axes belonging to {S} or {0 }/{0}. The resultant rotation matrix, symbolized as 0 S [R], defines the orientation of the system {S}( attached to the rigid body), with respect to a fixed system {0}, and χ = {u; v; w} is represented in the following matrix form: 
Using the research in the field of matrix exponentials [10, 14] , the following form for the resultant rotation matrix (18) is written as:
The above mathematical Expressions (5) and (8) , which define the position and orientation in the case of a rigid body, are written in a general form. Based on the definitions from the first paragraph of this section, a rigid body consists of an infinite number of material points and also, an infinite number of geometrical axes, parallel and perpendicular one to another, characterized by a continuous distribution in the entire volume of the rigid (S) [14, 15] . The rigid body is also made up of an infinite number of assemblies consisting of three orthogonal geometrical plans, continuously distributed in the entire volume of the rigid body.
In terms of geometry, in order to define a right oriented reference frame having the origin in an arbitrary point O of the rigid body, a single ensemble composed of three orthogonal geometrical plans is chosen. According to (4) and Figure 2 , this reference frame is symbolized as Oxyz ≡ {S}. The reference frame {S} is linked to the body due to its rigid nature. Expressions (5) and (8) ; ; 
The above mathematical Expressions (5) and (8) , which define the position and orientation in the case of a rigid body, are written in a general form. Based on the definitions from the first paragraph of this section, a rigid body consists of an infinite number of material points and also, an infinite number of geometrical axes, parallel and perpendicular one to another, characterized by a continuous distribution in the entire volume of the rigid ( ) S [14, 15] . The rigid body is also made up of an infinite number of assemblies consisting of three orthogonal geometrical plans, continuously distributed in the entire volume of the rigid body.
In terms of geometry, in order to define a right oriented reference frame having the origin in an arbitrary point O of the rigid body, a single ensemble composed of three orthogonal geometrical plans is chosen. According to (4) and Figure 2 , this reference frame is symbolized as
S is linked to the body due to its rigid nature. Expressions (5) and (8) define the position and orientation of this frame. x 0 Whereas the present paper proposes a study on advanced dynamics, it considers two material points belonging to a rigid body, so that the following conditions are met: M O and C {O; M}. In this case, the expressions defining the position can be written as time functions, according to [12] :
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Based on (18) and (19), the position equation is written, by considering the matrix exponentials:
The position equation for any material point from the rigid body can be determined only when the position r 0 (t) and orientation 0 S [R](t) of the moving frame Oxyz ≡ {S} are well known. By analyzing the Expressions (21) and (22), the result is that the orientation is invariant for all the points of the rigid solid. Thus, by considering the geometrical aspects, the body is substituted by the moving frame Oxyz ≡ {S}. This is defined from a geometrically point of view by means of the six independent parameters (six d.o.f.), which are included in the following symbol:
where q j (t) is the generalized coordinate and ∆ i = (1, q i − angular), (0, q i − linear) is an operator which highlights the type of driving joint. In this paper, the symbol X (6×1) (t), is substituted as:
Considering Expression (24), the following notations are implemented:
. θ(t);
..
. q i (t);
where m ≥ 1 represents the order of the time derivative. In advanced mechanics, instead of (8), in the case of the angular vector of orientation, the following expression of definition is used:
where 0 J ψ represents the angular transfer matrix which is a function of the orienting angles. In mechanics, the position and orientation of a moving frame Oxyz ≡ {S}, with respect to another frame, for example a fixed frame {0}, is represented in a matrix form, according to [5, 8] by means of homogeneous transformations which are developed using matrix exponentials:
Expression (30) defines the position vector of the mobile system {S} relative to fixed system {0}, while (31) represents a position vector, which according to [11, 20] , is defined by means of homogenous coordinates as a function of screw parameters. The conclusions and expressions of definition, synthetically disseminated in this introductory section, are compulsory applied in the Symmetry 2019, 11, 1077 7 of 20 advanced kinematics and dynamics of mechanical systems. For example, a kinetic element from this mechanical structure of a robot is considered ( Figure 3 ).
Expression (30) defines the position vector of the mobile system { } S relative to fixed system { } 0 , while (31) represents a position vector, which according to [11, 20] , is defined by means of homogenous coordinates as a function of screw parameters. The conclusions and expressions of definition, synthetically disseminated in this introductory section, are compulsory applied in the advanced kinematics and dynamics of mechanical systems. For example, a kinetic element from this mechanical structure of a robot is considered ( Figure 3 ). In case of both rigid bodies and multibody systems, the dynamical study of current and sudden motions is performed. The study is based on the differential principles from analytical dynamics of systems, as well as on the advanced notions from the dynamics of solid bodies: Momentum and angular momentum, kinetic energy, acceleration energies of different orders and their absolute time derivatives of the high order.
The Kinematic Parameters of Higher Order
The parametric equations of motion are defined according to (24). The absolute position Equation (21) shows the variable distribution from a point to another material point of the body. By applying the first order time derivative on Expression (21), the result is: In case of both rigid bodies and multibody systems, the dynamical study of current and sudden motions is performed. The study is based on the differential principles from analytical dynamics of systems, as well as on the advanced notions from the dynamics of solid bodies: Momentum and angular momentum, kinetic energy, acceleration energies of different orders and their absolute time derivatives of the high order.
The parametric equations of motion are defined according to (24). The absolute position Equation (21) shows the variable distribution from a point to another material point of the body. By applying the first order time derivative on Expression (21), the result is:
The following property is mandatory for the motion equations defined with (32):
where considering [1, 10] , (ω×) is the skew symmetric matrix associated to the angular velocity vector. The time derivatives of the higher order, applied on the property (32), are defined as follows:
where k ≥ 2, and δ k = (0, when k ≤ 2) and (1, when k > 2)
In advanced kinematics and dynamics, the time derivatives of the higher order for rotation matrices and position vectors must be used according to [10] [11] [12] [13] as follows:
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.
By analyzing (38), it is noticed that the expressions of the kinematic parameters that define the resultant rotation motion are written based on the matrix exponential functions.
Both velocities and accelerations of the higher order are established based on the following vectors:
where the orientation vector is defined according to the following expressions: (8) , (19) , (27) and (28). An essential component (28) included in (40), known as the angular transfer matrix, can be defined as a function of a set of the orientation angles. Considering (39) and (40), it is observed that they are functions of generalized variables (24) and (25). Actually, the six generalized variables are the independent parameters of the position and orientation from (24). Using the research from [10] [11] [12] [13] [14] , the on-time functions associated to position (39) and orientation (40) vectors and the differential properties which are compulsory and applied in advanced kinematics and dynamics, have been developed:
The symbols k and m from (41) and (42) define the deriving orders with respect to time.
The expression (44) defines the angular and linear accelerations of the higher order for a rigid solid in general motion. The input expressions and parameters of the higher order are compulsory and applied in the definition of the dynamic notions of the higher order, such as the momentum, angular momentum, kinetic energy and acceleration energy of the higher order. They have been included in the dynamics theorems which applies to current and sudden motions. The next step consists of establishing the time variation law for the generalized coordinates and generalized variables of the higher order. Considering [9] , the result is that all parameters from advanced kinematics are functions of generalized variables as well as of their time derivatives and they can be developed by using polynomial interpolation functions [13, 20] . The following general form for the polynomial interpolation functions of the higher order is used:
where p = 0 → m , m − deriving order, m ≥ 2, m = 2, 3, 4, 5, . . . , δ p = (0, p = 0); (1; p ≥ 1)
For every trajectory interval (i = 1 → s), the number of unknowns is (m + 1), and their significance is: 
To determine the unknowns, (50) is required to apply geometrical and kinematical constraints:
The kinematical constrains that can be applied in the case of polynomials of the higher order are:
Finally, Expression (45) is substituted in the advanced notions of kinematics and dynamics.
The Mass Properties
In order to find an exact geometrical solution, it is considered that the rigid body consists of an infinite number of material particles for which the distance between two points is maintained constant, regardless of the forces that act upon it. The elementary particles, characterized by elementary and infinitesimal mass, have a continuous distribution in the geometrical shape of the solid body.
When the density is constant inside the rigid structure, the solid rigid is homogeneous. When the integration limits applied on the geometrical outline are well defined, it results in a homogeneous body with a simple or regular shape. In this last case, the geometrical and mass integrals are applied.
An essential aspect in advanced dynamics is represented by mass properties [13] The mass and the position of the mass center is determined in relation with O 0 x 0 y 0 z 0 ≡ {0 } frame, as presented:
In the expression (51), ρ σ defines the density of the material, where the symbol σ represents, by case, the volume (V), the area (A) or the length (L) of the rigid body subjected to study
The position of the mass center, with respect to the O 0 x 0 y 0 z 0 ≡ {0} reference frame, is expressed at first in a classical form, and then by using matrix exponentials as:
(53) By applying the time derivative on (53), the linear velocity and acceleration of the mass center are determined:
Using classical Formulations (52) and (53), the result is the expressions for the acceleration of mass center:
In dynamic modeling, the following expression is necessary:
In the case of rigid bodies involved in rotation motion, the inertia property is highlighted by the mechanical moments of inertia [12] [13] [14] . According to Figure 2 , the position of the elementary mass (dm) relative to the mass center is defined by means of the vector: r * = r * (t).
Considering (52), the following mass property is obtained:
Based on research [12, 13] , the inertial tensor and its variation law relative to the concurrent frames applied in the mass center: {S * } and {0 * } OR ≡ {0 } OR is established, according to:
where S I * S is inertial tensor axial and centrifugal of the body (S) in with relation with {S * } frame, applied in the mass center (C), having the property: {S * } OR ≡ {S} OR :
Since the dynamic study refers to the absolute motion, the use of the following expressions of the inertial tensor are required:
The matrix expression (60) represents the generalized variation law of the inertial tensor axial and centrifugal with respect to the frame {0 }. Further, in the expression (60), I SC is the inertia matrix axial and centrifugal of the mass center relative to {0 }. The inertial tensor axial and centrifugal is defined with respect to the absolute frame {0} OR = {0 } OR , as presented below:
In the Expression (61), I SO represents the inertia matrix containing axial and centrifugal inertia moments, which is determined with respect to the fixed system {0}.
Higher Order Acceleration Energies
The term, advanced notions, from analytical dynamics presented in this paper refers to the motion energies whose central functions are the higher order accelerations. They have been developing in any sudden and transitory motion of mechanical systems. By having Appell's function as the starting point [1, 2] , a function which was highlighted in 1899 and that is also known as the kinetic energy of accelerations, new mathematical formulations on the expressions for acceleration energies of the first, second, and third order have been developed [10, 14] . In this section, they are presented only in an explicit form. From a physical point of view, the acceleration energy is expressed as J/s 2 and represents the mechanical power developed by a mechanical system per time unit. By applying certain constraints, the acceleration energy can also be defined as the second order time derivative applied on the kinetic energy corresponding to the whole mechanical system. In the following, based on [10, 14] , the acceleration energies of the higher order are defined. They characterize the complex mechanical systems and include among others, the robots. The author established the acceleration energy corresponding to a rigid body involved in general motion, in a generalized form [10, 14] , also called the first order acceleration energy and defined with:
By developing Expression (71), the first three terms are obtained:
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The following three components define the resultant rotation. Among these, the first two contain the angular velocity and acceleration. The defining expressions are shown below:
Performing some transformations and developing the terms from (76), the result is:
The last component, corresponding to rotation motion, exclusively contains the angular velocity:
The acceleration energy of the first order can be written in the following final form:
(69)
If the following conditions are met: O ≡ C, ρ C = 0, and I S ≡ I * S , then the mobile reference frame is applied in the mass center of the rigid body and the position of the elementary particle (dm) with respect to this frame is known, as well as the inertial tensor axial and centrifugal I S ≡ I * S with respect to the mass center. Thus, (69) defines the first order acceleration energy in a generalized form:
The expression (70) represents a reinterpretation of König's theorem for the acceleration energy of the first order. In the case of multibody systems (which also includes robots), the expression of acceleration energy of the first order (69) is determined according to:
motion); (0, Translation motion); (1, Rotation motion) , and i = 1 → n is the number of kinetic assemblies that compose the mechanical system.
(71)
Considering the advanced kinematics notions, the components of acceleration energy of the first order are:
According research [10, 14] , the sudden motion of MBS (multibody system), the transient motion phases, as well as the mechanical systems subjected to the action of a system of external forces, with a time variation law [19, 20] , are characterized by linear and angular accelerations of the higher order. Thus, the acceleration energy of the second order was also developed. According to the same research, the explicit form for the acceleration energy of the second order is presented below:
θ(t);
...
. θ 6 (t);
where E
A θ(t);
and E
The study of advanced dynamics is extended to the acceleration energy of the third order. According to [10, 14] , an explicit equation for the third order acceleration energy is developed:
... θ(t);
....
An important aspect that has to be mentioned is that the component E
... θ 2 (t) of the acceleration energy of the third order is not included in the definition Equation (80). In the case of the multibody systems, the acceleration energies of the higher order are determined based on the following generalized expression:
. θ(t); · · · ;
(p+1) 
(p+k)
(p+1)
Expression (81) includes the inertia tensor planar and centrifugal, i I * pi = i r * i · i r * T i · dm. The expressions for the acceleration energies of the higher order, according to [13] are further included in the equations of advanced dynamics corresponding to the mechanical systems which are subjected to fast and sudden movements.
Discussion on the Results
This section was introduced exclusively for highlighting the existence of the accelerations and acceleration energies of the higher order. For this purpose, according to Figure 4 , the rotation motion of the arm of the serial robot Fanuc LR Mate 100 iB, on the angular interval (0, π) was considered. The total time of the rotation motion was of 1.7 s. 
Expression (81) includes the inertia tensor planar and centrifugal,
The expressions for the acceleration energies of the higher order, according to [13] are further included in the equations of advanced dynamics corresponding to the mechanical systems which are subjected to fast and sudden movements.
This section was introduced exclusively for highlighting the existence of the accelerations and acceleration energies of the higher order. For this purpose, according to Figure 4 , the rotation motion of the arm of the serial robot Fanuc LR Mate 100 iB, on the angular interval ( ) π 0, was considered.
The total time of the rotation motion was of 1.7 s. For highlighting the time variation law of the acceleration energies of the higher order, the polynomial interpolating functions of the fifth order have been applied in accordance with (48)-(51). This method requires, according to kinematical constraints (51), the establishment through measurements of the angular acceleration corresponding to robot arm, .. q 3 . As a result, in the first step, the time variation law corresponding to the tangential component of the acceleration for the characteristic point belonging to the robot arm has been determined at every 0.033 s. The experimental data was collected by using a mono-axial accelerometer. The robot arm (more precisely the third kinetic ensemble of the robot) was engaged in rotation motion at high speeds and by using the data collected by the accelerometer. The time variation law for the tangential component of the acceleration of the characteristic point was graphically represented. Considering the rotation motion, in the next step the time variation law of the angular acceleration .. q 3 (τ) was also represented. Both graphical representations are illustrated in Figure 5 . experimental data was collected by using a mono-axial accelerometer. The robot arm (more precisely the third kinetic ensemble of the robot) was engaged in rotation motion at high speeds and by using the data collected by the accelerometer. The time variation law for the tangential component of the acceleration of the characteristic point was graphically represented. Considering the rotation motion, in the next step the time variation law of the angular acceleration ( ) τ  3 q was also represented. Both graphical representations are illustrated in Figure 5 . Generalized accelerations variation law. The above presented parameters were also determined on the same angular interval (0, π), by applying the sudden stop. The graphical representation is illustrated in Figure 6 . According to Figure 5 , the maximum value for the linear acceleration exceeds 2 15 m / s , which defines a sudden motion. The authors have considered, for this application, that the motion can be described by using the polynomial interpolating functions of the fifth order:
where a jip , p = 1 → 4 , are the integration constants which are determined from the geometrical and kinematical constraints (50), with an important role in ensuring the continuity of the rotation motion on the angular interval (0, π), characterized by 51 interpolation segments. Every interpolation segment contains four unknowns, represented by the integration constants. It is obvious that the total number of the unknowns is 204. In order to determine the unknowns, according to (50), the numerical values for the angular acceleration ( Figure 5b) were substituted in the functions (83)-(87) presented above.
Considering the large number of results, more exactly 255 polynomial functions, only a few sequences are illustrated in Tables 1 and 2 . As a result, the numerical values for the angular acceleration (see Figure 5 ) were applied, finally obtaining all of the integration constants. In order to illustrate this step, some sequences containing the time variation laws of the functions described by Equations (83)-(87) are presented. These results are included in Tables 1 and 2 . Similarly, the polynomial functions are obtained for all the 51 interpolation segments. As a result, the time variation law for the angular acceleration of the second and third order are also graphically represented according to Figure 7 : Thus, by customizing Expressions (71), (77)-(80) for the considered robot structure, the following expressions characterizing the acceleration energies of the first, second and third order are:
The obtained results (see example from Tables 1 and 2 Thus, by customizing Expressions (71), (77)-(80) for the considered robot structure, the following expressions characterizing the acceleration energies of the first, second and third order are:
( ) ( ) ( ) ( ) ( ) ( ) In the above graphical representations (Figures 8 and 9 ), the time variation laws for the kinetic energy are illustrated, as well as the acceleration energies of the first, second and third order for an application in which the serial Fanuc robot, presented in the Figure 4 , is implemented. In the above graphical representations (Figures 8 and 9 ), the time variation laws for the kinetic energy are illustrated, as well as the acceleration energies of the first, second and third order for an application in which the serial Fanuc robot, presented in the Figure 4 , is implemented.
Conclusions
The main objective of this paper was to highlight some new developments in the field of advanced dynamics of mechanical systems and higher order dynamic equations. These equations were developed by using matrix exponentials which proved to have indisputable advantages in the matrix study of any complex mechanical system. In this paper, new approaches have been proposed based on differential principles from analytical mechanics by using some important dynamics notions, regarding the acceleration energies of the first, second and third order. The study was extended to the equations of the higher order, which provided the possibility of applying the initial motion conditions in the positions, velocities and accelerations of the first and second order. In order to determine the time variation laws for the generalized variables and acceleration energies of the higher order, the time polynomial functions of the fifth order were applied. In Newtonian dynamics, the establishment of dynamic equations as second order differential equations are performed by considering the kinetic energy as the main function. In the case of fast and sudden movements, the presence of higher order accelerations leads to higher order differential equations which define the variation laws in relation to time in the case of the forces and the driving moments that impose the motion of the mechanical systems. As a result, the application of acceleration energies highlights, in an explicit and direct form, the presence of higher-order accelerations, unlike the case where the study was performed considering kinetic energy.
In accordance to inverse kinematics, also known as the control kinematics of the robots, the use of polynomial functions leads to the control of the mechanical motion, especially of transitory motions. These aspects were exemplified in the previous section. Therefore, it was noticed that on the time interval of 1.7 s, a number of 51 measurements of the tangential acceleration were performed at every 0.033 s. Regarding the polynomial functions, this aspect led to a very good approximation of the mechanical motion. At the same time, the polynomial functions were substituted in the expressions of the acceleration energies of the higher order. Therefore, their time variation laws were obtained as shown in graphical representations from the previous section.
Contributions of the Authors
The purpose of this paper was to present some original defining expressions for acceleration energies of the higher order. These expressions also include the accelerations of the higher order which define the fast and sudden motions of mechanical systems. The novelty of this paper was in
